In nuclear power generation, fissile materials are mainly used. For example, U 235 is fissile and therefore quite essential for use of nuclear energy. However, the material U 235 has very small natural abundance less than 1 %. We should seek possibility of utilizing fissionable materials such as U 238 because natural abundance of such fissionable materials is generally much larger than fissile ones.
I. INTRODUCTION
Due to rapid economic growth in developing countries, there has been anxiety that worldwide energy scarcity will occur in the near future. Since crude-oil price has started to rise suddenly, more effective utilization of nuclear energy should be considered. However, the supplied amount of nuclear fuel materials will be inevitably insufficient to meet the rapid increase of the energy demand because the estimated amount of deposits is limited. We should seek possibility of using other nuclear materials for nuclear power generation than fissile ones. In contrast, most of heavy nuclei other than U 233 , U 235 , Pu 239 , and Pu 241 cannot let resulting compound nuclei reach critical energy when binding energy of incoming neutron is just supplied. That is, incoming neutrons need to have sufficient kinetic energy to induce nuclear fission. This statement always holds when the target nucleus is composed of an even number of nucleons because a nucleus with an even mass number gives smaller biding energy for incoming neutrons than a nucleus with an odd mass number. Those materials are called "fissionable" that have not so high critical energy and can cause nuclear fission even with an incoming neutron having low kinetic energy like 0 − 10 MeV. U 238 is an example of such fissionable materials.
Is there a way to utilize fissionable materials in nuclear power generation? Certainly, absorption of neutrons with vanishing kinetic energy to fissionable materials such as U 238 is not sufficient to induce nuclear fission. However, there is a possibility that incoming neutrons with vanishing kinetic energy can induce nuclear fission if the critical energy is decreased by applying other external forces.
In this paper, we show that fissionable materials can produce nuclear fission as a result of absorption of neutrons with vanishing kinetic energy if high voltage is applied to materials. If voltage is applied to metal, nuclei (positively charged) should acquire energy proportional to the voltage. The whole metal does not obtain energy because the metal is neutral concerning to electric charge. An electric current proportional to the applied voltage is induced and then the electrons (negatively charged) acquire energy. There is no increase of energy because nuclei with the same positive charges as the total number of the electrons lose the same amount of energy as the electrons acquire.
According to the above consideration, the nuclei absorb energy proportional to applied voltage. As a result, the Coulomb energy of the nuclei increases, the surface and Coulomb energy tend to be off balance, and then the system becomes unstable energetically. The instability of energy means that the nuclei can deform and split easily. In this paper, we explain this mechanism based on the liquid-drop model of Bohr and Wheeler [1] . Also, we
show that the critical energy of energetically unstable nuclei decreases and finally takes the same value as the biding energy of neutrons. We are going to explain the details of their theory below. To simplify the problem, we assume that a nucleus is a liquid drop with constant density and has a definite surface. The total volume of a liquid drop is conserved if we assume that nuclear matter has constant density, i.e. incompressible. That is, vibration of an excited nucleus deforms only the surface.
The liquid drop deforms from a sphere keeping an axis of symmetry fixed. If we consider the axis of symmetry as the polar axis in the polar coordinate system, the radial coordinate after deformation of the surface can be represented using the Legendre polynomials as follows:
where R 0 is a radius of the spherical liquid drop before deformation, α l are deformation parameters, and P l (cosθ) are the Legendre polynomials. The condition of volume conservation gives α 0 = 0 and α 1 = 0 because the center of mass of a liquid drop does not change.
Therefore, R(θ) is expanded as
If we assume that the nucleus is incompressible (i.e. volume is conserved), the surface energy E S is given by [3] 
We are going to find a condition that small deformation should keep a nucleus energetically stable. E S0 is the surface energy when there is no deformation.
where a s and κ s are constant numbers related to surface energy in the semiempirical formula given by Weizsäcker and Bethe. Coulomb energy E C is
where
ε 0 and R C are the vacuum electric constant and radius of charged sphere of the nucleus, respectively. The conventional fissility parameter x is defined as
to represent how easily nucleus fission can happen. The total deformation energy E of a nucleus is the sum of Eqs. (3) and (5)
The following condition
gives the extremals of the third-order polynomial of (8). The equation has two roots:
The former and latter correspond to the spherical local minimum and barrier maximum, respectively. By substituting the latter solution into Eq. (8), we obtain the barrier maximum
As defined before, the fissility parameter x represents how easily nucleus can split.
Myers and Swiatecki showed that the following equation held with a c = 0.7053 (R c = 1.2249A 1/3 f m), a s = 17.944, and κ s = 1.7826 [4] .
Next, we explain the barrier maximum and biding energy of neutrons, which are both necessary for deciding if absorption of a neutron with vanishing kinetic energy causes nucleus fission or not. When a neutron is absorbed to a nucleus and then a compound nucleus is formed, excitation energy E exc is the sum of kinetic E and biding energy E b of the incoming neutron contained in the compound system. If the biding energy is larger than the barrier maximum E barr , even neutrons with vanishing kinetic energy can cause nucleus fission.
Therefore, the condition to cause nucleus fission of the compound nucleus is given by
When an incoming neutron has vanishing kinetic energy, the balance between kinetic energy of the neutron and the barrier maximum determines if nucleus fission is induced or not.
III. NUCLEAR MATERIAL IN HIGH VOLTAGE
In the previous section, we have shown the mechanism of nucleus fission caused by absorption of neutrons without assuming any other effects. In the below, we are going to consider a case when high voltage is applied.
How are nuclei deformed in metal if high voltage is applied? Application of voltage produces an electric current proportional to the applied voltage and then electrons (negatively charged) acquire energy. Also, nuclei (positively charged) should obtain energy proportional to the voltage. Since nuclear material is neutral concerning to electric charge, energy of the total system is conserved. That is, the nuclei lose the same amount of energy as the electrons because the absolute value of the total charge is equal between the nuclei and electrons. As a result, the total energy of the nuclear material is conserved.
What happens if nuclei acquire energy as a result of application of high voltage on metal?
In metal, nuclei are regularly ordered and bounded from various directions. The force on nuclei is strong and not affected by small voltage like 100 Volts. However, there is possibility that nuclei deform if sufficiently strong force is generated by applying high voltage in one direction. When high voltage is applied to metal, nuclei feel force caused by the electric field and try to move in that direction. In this case, the nuclei bounded from various directions become off balance in the direction parallel to the applied electric field. This is similar to the case when rain drops fall freely in an almost uniform gravitational field on the earth, where the rain drops deform due to air resistance.
Therefore, it is expected that nuclei deform if high voltage is applied to metal. Seeing a thing from a different angle, nuclei are energetically balanced between Coulomb force and surface tension if there is no external force. However, the Coulomb force becomes dominant over the surface tension and nuclei become off balance if high voltage is applied.
Here, we have a question: What is the equation that describes deformation of nuclei when high voltage is applied to metal? When there is no external force on nuclei, the total deformation energy of a nucleus is given by Eq. (8), where the second solution for α 2 in Eq.
(10) gives the barrier maximum. On the other hand, force applied to nuclei in one direction affects on the value of α 2 P 2 (θ). Therefore, the second solution in Eq. (10) changes if high voltage is applied to metal. In this case, we should note the following two facts:
1. Deformation of nuclei is proportional to applied voltage and input electric power be-comes equal to the barrier maximum of the nuclei in the large-voltage limit.
2. Nuclei tend to deform and become energetically unstable as α 2 decreases. Finally, the nuclei split completely at α 2 = 0.
Based on these facts, it is reasonable to rewrite the second solution of Eq. (10) to
where Z is the number of protons, e is the charge of a proton, V is voltage applied, and E barr is the barrier maximum.
If we substitute this Eq. (14) into (8), we have
By specifying the value of V in Eq. (15), we obtain the critical energy of a nucleus when voltage is applied.
The relation
is a condition to cause fission of compound nuclei as a result of absorption of neutrons when high voltage is applied.
As shown here, it depends on the balance between the binding energy of a neutron and the critical energy of a nucleus with voltage application whether nucleus fission is induced or not by neutrons with vanishing kinetic energy. When a thermal neutron with almost vanishing kinetic energy is absorbed into U 238 , a compound nucleus U 239 is formed. In this case, U 239 is in an excited state, where the total energy is larger than the ground state energy by the binding energy of a neutron.
Therefore, if a relation E b ≥ E crit holds, absorption of a thermal neutron induces nuclear fission. However, if there is no external force, a relation E b ≤ E crit always holds and nuclear fission is not induced in U 239 . In the above, using the liquid-drop model, we have shown that E b ≥ E crit holds for U 239 composed of compound nuclei and nuclear fission is induced if the following conditions are met: (i) voltage higher than the critical one is applied to the fissionable material U 238 , (ii) thermal neutrons are absorbed into the material, and (iii) voltage higher than the critical one is continuously applied to the resulting compound nuclei. In Table III , we give the nuclear fission voltage for gold, silver, and copper as solutions to Eq. (18) for reference. Clearly, the nuclear fission voltage of these materials is much larger than the fissionable ones.
IV. SUMMARY AND CONCLUSION
We have shown that application of high voltage to fissionable materials such as U 238 induces nuclear fission because the critical energy is decreased to the biding energy of a If emission of γ rays is observed, we should conduct an experiment to check if voltage application induces nuclear fission or not. As shown in our theoretical analysis, nuclear fission may be induced if we assume that the whole energy injected by voltage application is used for deformation of nuclei through only the critical and biding energy. However, it
is not clear if we can extract fission energy from nuclei because the above condition is for induction of fission of just one nucleus. To induce nuclear fission and trigger chain reaction, the average number of neutrons produced by nuclear fission must be two or more and the cross section of nuclear fission caused by thermal neutrons must be large.
It is difficult to check theoretically if these conditions are met or not. Also, there is possibility that reaction cross section of a thermal neutron changes due to decrease of the critical energy in these materials. For this reason, we should confirm how much voltage needs to be added to the obtained critical voltage for inducing nuclear fission based on an experiment in each material. In each experiment, we have to count the number of secondary neutrons and measure cross section of nuclear fission.
If all of the conditions are met, application of voltage to fissionable materials such as U 238 induces nuclear fission with absorption of thermal neutrons with vanishing kinetic energy.
That is, fissionable materials, which have much larger natural abundance than fissile ones, can be used as nuclear fuel. In this way, we can contribute to the energy problems by utilizing nuclear waste.
